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Abstract 

The problem of the scattering of a charged test particle in the gravitational background 
of axially symmetrical wormhole in the presence of the Aharonov-Bohm type magnetic 
field is considered. It is shown that the natural mathematical framework appropriate for 
| the problem is the scattering theory in the pair of Hilbert spaces. Both relevant modified 

wave operators and 5-matrices are found. 

G ' 

Let us consider the problem of the scattering of a charged test particle in the cylindricalty- 
symmetric curved space with the topology of (cylinder xR 2 ) in the presence of the static 
| magnetic field of Aharonov-Bohm type in the sense described below. At first, we restrict 

ourselves by considering static cylindrically-symmetric configuration of a gravitational field 
with metric 

d s 2 = dt 2 - dz 2 - f{r) [dr 2 + r 2 d6 2 

where r, 9 are polar coordinates in the transverse z axis direction, while z is a coordinate in 
the direction of the space symmetry axis. For f(r) only its conical behavior for r — > oo and 
r -> 0: 



CO 



-2<I> (1) 



OO 
On 

f(r) = (^J \ r > R 1 , *f < 1, 

/W=(-^J , r<,R 2 , $i 2) >l, (2) 

as well as continuity condition, /(r) G C(0, oo), are assumed. In (2), Ri and i? 2 are arbitrary 
constants, < R2 < 00. The above-mentioned gravitational structure is, in fact, a classical 
static wormhole, i.e. the spatial configuration consisting of two noncompact asymptotically flat 
conic regions connected by a compact strongly curved region - wormhole throat. 

It is well known that the Aharonov-Bohm type field strength is zero in the region reachable 
for particles. The latter can be provided whether by puncturing the point in which the field 
strength is infinite (for the classical Aharonov-Bohm field) or by restriction of the particle 
motion to the region by means of potential barrier, for example. In our case, we can use pure 
geometrical device that disjoitns the region with non-zero magnetic field strength from charged 
matter. Namely, we can imagine that this region is concealed inside wormhole. 

Motion of a test particle in the exterior along the wormhole axis is free, therefore, our 
concern will be on the z = const section. The dynamics of the test particle under consideration 
is governed by the Hamiltonian: 



2m 



-d 2 - \. + ^(id e + ®+ ^r,9 r m/) 2 - I^ r 2 ln/ + ^d r \nf) 



(3) 
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where 

a 3 = 

in the case of a spinor particle (ip is a two-component column function) and o = in the 
case of a scalar particle (ip is a single-component function), < $ < 1 is magnetic flux and 
scalar product in the Hilbert space 7i of square integrable functions on the curved space M is 
following: 

2tt oo 

(^') = [ d6 [ drrf(r)ip^ip', (4) 



o o 

where sign t denotes hermitian conjugation. 

It is known that to formulate the problem of scattering it is necessary, at least, to determine 
two Hamiltonians, H and H . The first one describes non-perturbed dynamics and the second 
one - perturbed dynamics. Having determined the above-mentioned pair of Hamiltonians one 
builds wave (Moller) operators 

Q ± (H,H ) = s- lim e iHt e- iHot P{H ). (5) 

where P(H ) is a projector on absolutely continuous subspace of operator H . Let us note that 
expression (5) makes sense only in the case, when perturbation 

V = H-H (6) 

has a short range (see H, 0). For the second order operators the latter means (following 
Hormander) that the coefficients in the expansion 

V = aijdidj + kdi + c (7) 

decrease like |r|~ 1_e for |r| — > oo and s > 0. For the case (following Hormander) when per- 
turbation has long range, when the above-mentioned (real) coefficients decrease like \r\~ £ for 
\r\ — > oo, e > the definition of wave operators (5) must be modified. At last, we cannot say 
anything as to the existence of the wave operators in the case when Hormander condition of 
long range action is broken. 

We want to consider scattering of a particle which dynamics coincides with one of a free 
particle on the cone in the infinitely remote past. As it is known 0, the latter is described 
simply by free Hamiltonian on the plane R 2 

H = -|U 2 . (8) 

This is conditioned by the fact that cone is a flat surface with zero Gauss curvature everywhere 
except apex and, consequently, locally coincides with R 2 . Analogously, it is supposed that in 
the infinitely remote future reflected wave will exist. Its dynamics is determined by Hamiltonian 
Hq. The wave which has passed through the wormhole throat will exist, too. And its dynamics 
is determined by Hamiltonian Ho, but acting on functions that are defined on the second 
cone. It turns out, that in such formulation of scattering problem it is impossible to choose 
Hamiltonian describing a free dynamics in all curved space M. 

Nevertheless, mathematical formalism appropriate for our problem exists, the scattering 
theory in a pair of Hilbert spaces, namely M . 
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In the problem it is more convenient to use a new radial coordinate 

r 

p(r) = [ dr'[/(r')] 1/2 



instead of r, where ro is arbitrary parameter. The metric (1) then has the form: 

ds 2 = dp 2 + g 00 (p)d6 2 . 
Let us perform the unitary mapping 

H -> H, ij^ij = r 1/2 f 1/4 ij 
where H is Hilbert space with scalar product 

2n oo 

(^') = J dO J dp ft ft. 

-oo 



(9) 



(10) 



;n) 



(12) 



Then the Hamiltonians H and Hq map into 



H 



EL 

2m 



- d l + 9oo ( id e + <f> ~ %r + ^r9oo 2 d P In g 0Q ) - ( <9 P In g 00 
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2i 



#n = — 



2m 



d 



d 2 



1 



p p 2 4p 2 



(13) 
(14) 



In the further consideration we will omit tilde sign. 

In addition to the Hilbert space 7i let us define two Hilbert spaces 7i + and Space 7i + 
is a space of square integrable functions on the right cone 6 G [0, 2ir], p G [0, +oo) with a scalar 
product 

2tt oo 

(^,-0') = J d6 J dpftft. (15) 
o o 

Analogously the space 7i_ is a space of square integrable functions on the left cone 9 G [0, 27r], 
p G [— oo, 0) with a scalar product 



(^ft) 



2tt 

dO J dpi V 

-oo 



(16) 



Let us also define operators J± which map the Hilbert spaces 7Y± into H and act as follows. 
For ip± G 7Y±: 

J ± ^ ± = p±(p)?/> ± , (17) 

where p±(p) G C 1 (±oo,0) and 

A*±(p) = 0> |p| < e, 

p±(p) = 1, |p| > V, (18) 

where < £ < "P < oo. To solve the problem of scattering formulated earlier it is necessary to 
build the solution of Schrodinger equation 



(19) 



that satisfies in the infinitely remote past the condition 

Jim | \i>(t) - J + e-^o +) Vi _) || = (20) 
and in the infinitely remote future the conditions 

lim ||^(t)-J + e-^%V +) || = 0, 

lim \Wt) - J-e-^V-^ll = 0. (21) 

Here, 0+^ G Ti+ and <f>^ G H-, the Hamiltonians and Hq~^ describe a free dynamics on 
the right and left cones, respectively, and in compliance with (14) have the form: 



H (±) _ 
n — 



2 



ft 2 1 
Q 2 + ^0 _L 

p p 2 4p 2 



(22) 
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Two scattering matrices S ++ and 5* + _ 

^ ] = ^=S + .^ (23) 

will contain all necessary information about scattering. Taking into account that tp(t) = e~ lHt ^ 
for some vp EH, we get 

S ++ = (Qi- ) (//,^ +) ;J + )) t Qi +) (//,^ +) ;J + ), 

S + _ = (QL- ) (//,^- ) ;J_)) t Qi +) (//,^ +) ;J + ), (24) 
where wave operators fi+ \ oL ^ are determined by expressions: 

n { +\H,H { +) ; J+) = s- lim e iffi J+e"^, 

t— »— oo 



n ( +\H,H ( +) ;J + ) = s-hm o e lHt .J + e- l < +) \ 

Q { r\H,H i ' ) ;J-) = s- lim e iHt J-e- iH ° h . (25) 

In the expressions (25) we take into account that the spectra of operators Hq + ^ and iJg ■* are 
absolutely continuous. 

Thus, the problem of scattering is reduced to the problem of finding wave operators 
for the pair of Hilbert spaces 7i + and Ti, and wave operator Q[_ ■* for the pair of Hilbert spaces 
7Y_ and 7i. Let us construct them. One can use the methods of stationary scattering theory 
and find wave functions ^^(k) and ^^(k) instead of wave operators. These functions are the 
result of action of wave operators on functions 

^4°)(jfc) = J_ e %>cos(0-0 fc ) ^ ( 26 ) 

where 9^ is the angle that determines the direction of wave vector k and k = \k\; p G (— oo, 0) 
for ip^ and p G (0, +oo) for ip^ and the functions ip±* are free stationary waves on the right 
and left cones. Then 

i> { +\k) = n { + Vl 0) (£), i> { -\k) = nL~V- 0) (fc)- (27) 
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While expansion on functions ip±\k) is, in fact, Furier transformation for spaces Ti±, then 



functions ^^(k) and '(k) completely define the wave operators Jl+ =; and fiL ; . Using 
expressions (25) and (26), (27), and the fact that 



Sr)tt 



(±) 



)(-) 



2 1,2 



rj(±) , (0) ft k 



2m 



as well, one can simply get the following Lippmann-Shwinger equations: 
^\k) = J + ^\k) - G ± (k)[HJ + - J + H< + W°\k), 



^\k) = J.^'(k) - G-{k)[HJ_ - J_H^>]^>{k), 
where Green functions 



,(°)/ 



r(-)l„/,(°)/ 



G ± (k) = lim 



2 1.2 



H 



h z k 
2m 



i -l 



=F le 



(28) 



(29) 



(30) 



Taking into account the cylindrical symmetry of the problem, let us expend the functions 
■0+^ and ■* in the Furier series: 



(±) 



+0O 



+oo 



E e^VS ^ = E e^l" 



(-) 

n- 



(31) 



n=+oo 



The Hilbert space H will expand, correspondingly, to the direct sum H = H n , and scalar 

n=— oo 

product on 7i„ is defined as follows: 



U>nM= J d PWn- 
— oo 

To construct the Green functions it is necessary to calculate the resolvent of operator H: 

R z = (H-z)-\ (32) 
Let us choose the branch of \fz that Qy/z > and fix that to = -A=^/z. Then it is easy to get 



the following expression for the kernel of the revolvent of operator H: 

1 +0O 

Rz (p,p>,e,e') = - E e m ^R n (p, P '), 



where 



Rn(p,p) 



i2m 



2a n (u)ujh 2 
In expression (34) 

and 



4 n) (p,^ n, ( P '^)6(p - P >) + WM1>?V,«>W - p) 



(»)/ 



(33) 



(34) 



9{x) 



1, x > 
0, x < 
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where for two functions fi(p) and /2G ) Wronskian is defined as follows 

W{f 1 (p),f 2 (p)} = h(p)d p f 2 (p) ~ f2{p)d P h{P)- 

The functions ^^(p, 00) and ^^{p^u) are the pair of linearly independent Jost solutions for 
partial Hamiltonian H n = e~ m9 He me , which are characterized by following asymptotics: 

^\p,uj)=e-^, p^-oc. (35) 
Having defined the second pair of linearly independent Jost solutions 

^\p,uj)=e^, p^-00, (36) 
one can write the following useful expressions: 

i>[ n) = a n (u)4 n) + b n (u)4 n \ 4 n) = a n (u)4 n) ~ ■ (37) 

b n (to) = (&„("))* = b n (-u*), Mu))* = a n (-LU*); (38) 
$ n \p,u;) = 4 n \p,-u;) = (4 n \p,u;*)y, i = l,2; (39) 
W{4 n \p,u),$ n \p,u)} = 2ib n (cu)u;, 

W{4 n \p^),4 n \ P ^)} = -W{^\p,uUt\pM) = 2iu>. (40) 

For real u let us fix k = uj. 

Then the following expression takes place: 

\a n (k)\ 2 - \b n (k)\ 2 = 1. (41) 

For the partial reflection and transmission coefficients one can write 

r n (k) = b n (k)/a n (k), t n (k) = l/a n (k). (42) 

Then 



r n (k)\ 2 + \t n (k)\ 2 = l (43) 



is partial unitarity condition. 
The following scalar products 



(4 n \k),^\k')) = 2ir\a n (k)\ 2 5(k - k'), 

(4 n \k),ipi n \k')) = 27r\a n (k)\ 2 5(k - k'), k, k' > 0, 

(^\k),4 n \k')) = 0, (44) 
are necessary for the further consideration. 
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Expending Green functions 

1 oo 

G+(P,P) = ^- E J n{e - e,) G±{p,p') (45) 

n=—oo 

and using expressions (30), (34), (38), (39) one can find for partial Green functions 

G + n {p, P ') = -^i^\p,k)4 n \p,k')6(p- P ') + 
a(k)kn 

+4 n \p,k)^\p , ,k)9(p'-p)}, 
G-( P ,p') = (Gt(p,p')r (46) 

Substituting (31), (45), (46) in the Lippmann-Schwinger equations of (29) and taking into 
account the expansion 



, , a ikp cos (9— 0k) fn +°° ■ i 

*f (*> = —^r- = £ E rf^JinM. 



(47) 



we get: 



,/,(+) - V>2 n) n~ in e k+ m\n\+^ /4o4 

^ n - 2na n (k)hirk e ' (48) 

,(-) _ (^2 n) )* J~i~ -ine k -i£ (m) 

/(-) _ (^l W) )* n~ -<n0 fc -^ /rr-N 

^ n " 27r<(A;)V2vrA; e ' (5 ° j 

Let us find, now, operators SV+ and S' + _. They are completely defined by following matrix 
elements: 

S ++ (k,k>) = (^(^^^(P))^ = (^->(^),^ ) (fc)) w 

S + _(M') = (^(ft^+^CP))^ = (^- } (ft,^ +) (P)) w (51) 
Using expressions (31), (44), (48)-(50) one can find for matrix elements (51): 

S ++ (k,k') = L e ^S(k-k') J2 e in ^- e ^ +i ^ (52) 

27Tykk' n=-oo °n(^J 

. . 1 +°° 1 

S + Jk,k') = ^^=e i7r/2 (5(A; - k!) V e^-^+^H —^r- (53) 



The kernel of operator S ++ (52) can be written in terms of the sum of singular and regular, 
with respect to the angular variable, functions. Actually, correspondingly to (2), (9), (13) and 
(35) 



Mp+R e ^ K+ ^H%( k \ P + P2 \), p<P 2 (54) 
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Using (39) we get from (54) 



(n) 



1>\ 



4 n) 



^H$(k(rho + p 2 )). 



' nk(p + Pa) ci{ - kp2 -™^-\ 



where 



n> 



a 



(0 



n - $ + i^^W 



1 - $ 



(0 

k 

Ri 



i = l, 2, 



i(0 



Pi. 



From (40) we find then: 



1 - 



As is known, for large order and finite value of argument of Bessel functions 

2in 



1 + 



2z// 



Then, it follows from (54), (55), (57), (58) that 

'eA;(Pi+pi)^ 2a ' (1) 



6;(fc) = -e 2 ^-^-f) an (A;)|l + o[( 
Using partial expression of unitarity (41) we find that 



2a' 11 



1-K = 1- 



1 + 



eA;(P 1 + p 1 )\ 2 ^ 1) ] 2 = C) /eA;(P 1 +p 1 )^ 2 ^ 1) 



2a 



(i) 



For small values of argument (k(Pi + p\)) and «^ 7^ the following expressions take pla 

H%(k(P 1+Pl )) = -H { % [1 + Op(Pi + pi)) a " } }} 

and for a$ = 0: 

4 2 \(k(P 1 + p 1 )) = -H£\(k(P 1 + p 1 )) 



l + O 



1 



|ln(MPi+Pi))l 



,.(!) 



&;(Jfe) = _e 2 ^-^-f ) 0n (A;)<j 1 + O 
b* n {k) = -e 2i( - kpi -^-^a n (k)\ 1 + O 



fc(Pi + Pi) 
1 



|ln(MPi+Pi))l 



7^ 0, 
, a n (l) = 0. 



= 1 



= o 



o 



k(Pi + Pi) 
1 



,.(!)- 



Hk(p 1 + Pl ))\ 



<#> + 0, 
«n(l) = 0. 



(64) 



It follows from (60) that series (53) for the kernel of the operator S + -(k,k') converges 
uniformly with respect to the angular variable and is therefore regular function of the angular 
variable. Moreover, this function is infinitely different iable with respect to the angular variable 



(MPi+por™- 1 



or O 



(*|ln(*(Pi + pi))|) 



-i 



and, in accordance with (64), behaves like O 
when k(Pi + pi) — > 0. 

Using (59) and (63) one can represent the kernel of the operator S ++ (k,k') (52) in the 
following form: 



S++(k, k') 



5{k - k') 



2nVkk' 
S(k - k') c2tkpi 
2-K\fk~k' 



1 E 



-J,n{0 k -0 k i)+iTv\n\-iTTcS^ 



n=— oo 
oo 

E « 



jn(6 k —8 k i)+i / K\n\—i-Ka\ l 



(l) 



X 



X 



a n (k) 



(65) 



The first sum in (65) is the kernel of ^-matrix that describes scattering of particle on coinciding 
singular gravitational and magnetic strings. They are characterized by the curvature flux $^ 
and magnetic flux $ respectively. We can write this sum as follows 



I'(k, 9 k] k', Q v ) + 5{k - fc')^ JL/(fc; 6 k - e' k )e 2ik ?\ (66) 

where I' is modified unity operator. It is characterized by singular kernel 

I'(k,9 k ;k',9 kl )= 1 - 6 -^le^x 
2 ykk' 

x |A(0 fc - 9 k , + (3m) exp[-i^i(l + + A(9 k - Q k , - f3m) exp^^l + A)tt]| (67) 

where A(0) = ^ E^=_oc e ^ - periodic delta- function, /n = Q-a 3 ^ /2; fa = ^(l-S^)" 1 ; 
/ - scattering amplitude of particle on coinciding singular gravitational and magnetic strings. 
The second sum in (65) is regular infinitely differentiable function with respect to the angular 

— * — * 

variable and its behavior is the same as for S + _(k,k f ) for k(Pi + pi) — > 0. One can also 
formulate the problem of scattering of particle directed from "right" to "left" cone. For solving 
this problem it is necessary to define additionally the operator 



lim e im J-e- iH °~ h 



(68) 



or in terms of stationary scattering theory, wave function 



(+) 



n™(H,Hr;J-)rI> K - } . 



(-). 



,(0) 



(69) 
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It is easy to find it by the way same as above 

2a n (k) V tt/c 

In addition to the matrices of scattering S++ and S + - that describe probability of reflection 
to "left" cone and transmission to the "right" cone, respectively, for particle directed from left 

to right, we have to define matrices S and S_ + describing reflection to the "right" cone and 

transmission to "left" one: 

S_ + = (Q { -\H,H^;J_))^^(H,H^;J_y, (71) 
They are completely determined by their matrix elements: 

= (^l 0) (^,5__^i 0) (^)) w _ = (^l- ) (^,^i +) (^)) w , 

S_ + (k,k') = (^(^),5_ + ^(^)) w _ = (^- ) (^,^ +) (^)) w . (72) 

Finally: 

27rVW a n (k) 
S- + (k,k') = S+-(k,k') (73) 

It is possible to write the kernel of operator S (k,k') in terms of the sum of singular and 

regular functions with respect to the angular variable: 

g _ 5{k — k ) e in(e k -6 k ,)+in\n\-iira l £ ) -2ikp _|_ 

1t[\J kk 1 n= _ OQ 



5(k k') y, e i n ^ k ^e kl )+i7T\n\-iwa < ^ ) -2ikp 2 x 



n=— oo 



X 



6 n (A;)e i7ra " )+i7r/2+2ifcp2 - a n (ife) 



a n (fc) 



(74) 



From expressions (52)-(53), using the partial expression of unitarity (41) it is easy to get the 
following expression 

(S ++ SU)(k, k') + (S + SU(k, k') = 6 -^3A(6 k - 9 k ,). (75) 



Analogously for S , S. 



+ 



(S-SL)(fc, k') + (S- + Sl + )(k, k') = 5 ( k Jp A(0 k - 9 k ,). (76) 

y kk 

The equations (75)- (76) are unitarity conditions for the problem under consideration. 
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